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e Boltzmann-Gibbs (BG) statistical mechanics may not be always
sufficient to study a system having fluctuations (of temperature,
number density etc.) inside their boundary, and/or they may
experience long-range correlation.

e Hadronic transverse momentum distribution is describable by
the "Tsallis-like” distributions up to a very high range of
transverse momentum.
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Introduction

The Tsallis statistics begins with a generalized definition of entropy:

Solp = 17 ith Trp = 1 ;
q (0] = fq,wut rp= Physica A 261 (1998) 534

1
The thermal expectation value given by (A), = Tr( {5}?A).

Sy approaches the Boltzmann-Gibbs-Shannon entropy given by
S = —Trpln g when g approaches 1.
By extrimizing the potential function (for chemical potential, ;=0 ),

Q= (H) - TS,

for temperature T = 7! with respect to density matrix, we get,

Density matrix in quantum Tsallis statistics

p=2z1 [1+(q—1)5ﬁ]11".
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Tsallis propagator: definition

Tsallis thermal propagator for the real scalar field ¢(x = 7,X) on a contour
C can be defined as:

Hadrons at Finite Temperature, S. Mallik, and S. Sarkar

D(x,x')=i(Ted(x)d(x'))q
=i0c(1 = 7' )(G(x)d(x) g + i0c(T" — T)(D(x)D(x))q
=0c(7 — 7Dy (x,x") + 0c(7" — 7)D_(x, X'),

where, Dy (x,x') = i(6(x)6(x))g and  D_(x,X) = ilo(x)6(x))q
Using >, [m){m| =1,

replacing the Heisenberg field ¢(x) by Schrodinger
field as ¢(x) = e’HTqﬁ(O X)e —ifiT and H|m) =

Em|m), we may write,
Dy (x,x') =

7 IZ ’Em 7. 7_+I|n[1+(q 1)BEm]

(q—1)Em

) e Em=) (m|$(0, X)|n) (n|$(0, &) | m),
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Convergence condition

The sum over m and n converge respectively for,

/ .|n[1+(q_1)ﬁEm]
Im[T—T + 1 (G- 1)En

Combining these two we get,

]20 and Im(r—-7)<0

_ In[1 + (g — 1)BEn]
(q - 1)Em

<Im(r-7)<0 J

In the limit ¢ — 1, the the above convergence condition becomes that of
the Boltzmann-Gibbs statistics,

—B<Im(r—7)<0
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KMS relation in the Tsallis statistics

Kubo-Martin-Schwinger (KMS) relation:
D_(x,x')=i{¢(x")p(x))q
=iz [{eg 77} (. 2o )]
=y (7R gyl + (g - D3R )
D—(nyl) - D—l— ()_(‘7 )_6/7 T — ’Bv TI) )

where

In the limit g — 1, the above reduces to its Boltzmann-Gibbs counterpart:

D*(Xﬂxl) = D+()?7)?,a7 - iﬁaT,)7
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Deriving Tsallis propagator using the differential

equation method

(O + m)D(x,x') = 6(x — x').

Taking Fourier transform, (88 5+ wk) D(E, T, 7—’) = (1 — 'r'),
where w, = vVkZ £ m? is single particle energy, k = |k|. For 7 # 7/,

Di(k,7,7")=A(r")e ¥ + A7) T (7 > 1),
D_(k,7,7')=Bi(r")e " + By(r)e™ T (T < 7).

D, 7i,7)) = 5 [9C(T,—T){ 1+ np)e ) oy prefarimm)

+9c(Tf - Ti){"Tei'w“(T"fo) + (14 ny)e* Tiqj)}]

Where the distribution in the Tsallis statistics:
1

[1+ (g —1)Bw)]aT —1

nT (wk) =
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Tsallis propagator

Temporal Fourier transform

[e%e] . , .
Dyi(k, ko)—/ dte™ Dk, 77, 7).

—00

ip/?

-I-if

We can take two points on two horizontal lines in four different ways,
e 7 and 7’ both lie on line 1, then O.(7y — 1) = 6(t — ).
e 7 and 7’ both lie on line 2, then O.(71 — 73) = 6(t' — t).
@ 7 lies on line 1 and 7’ lies on line 2, then Oc(m — 71) = 1.
@ 7 lies on line 2 and 7/ lies on line 1, then O.(m2 — 13) = 0.
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Tsallis propagator: components

Components of the real time thermal propagator:

Dll(Ey kO)— 2;k/ dt elko (t—t") |:0(t _ ¢ ){ 1 +nr ) —iw(t—t") + nTeiwk(tft')}

9'|€t _ t){n_l_e—iwk(t—t + (1 + nT)eiwk(t—t )}]
-1 N 2mis(k? — m?)
k2 —m2 +Jje [1+(Q—1)Bwk]ﬁ_1’

Dia(k, ko) = 2mi/nt(1 + n1)6(k* — m?)

Doi(k, ko) = Dia(K, ko)~ and  Da(k, ko) = — D5y (k, ko)

In the limit g — 1, we get back the real time BG bosonic propagator,

-1 21id(k? — m?)
BG
br (k ko) = k2 — m? + ie eﬁwk -1

DES( kko =2mi\/n(1+ n)d(k
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Free Tsallis thermal propagator for the fermions

The Dirac thermal propagator in the Tsallis statistics may be defined by,
S(x,x') = {Tep(x)(x')q
= iZ  Tr[p Tep ()i (X)),

The matrix representing the real time propagator S(, po) is given by,

. Ar(p) — 2miN 5 (p® + m?) —27miNy NoS (p? + m?)
S(5, po) = (p + m)

27Ny NaS(p® 4 m?) —AE(p) + 2miNZS(p? + m?)

1
1+ (g - D]t +1

N1 = \/Fr[0(po) +0(—po)] and N =/(1— F)[0(po) — O(—po)].

where, Tsallis FD distribution function: fr(w) =
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Diagonal form: bosonic and Dirac propagator

The bosonic propagator can be put in a diagonal form,

D(F ko) = Uko) (72, ) Uk

The diagonalizing matrix U is given by,

Uy = [V VT

The Dirac propagator can be put in a diagonal form,

s = (o4 mv (72 )v.

where the diagonalizing matrix V is given by,

Ny —Ny
Ny N>

V =
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Diagonalisation of bosonic full propagator

Dyson-Schwinger equation:
D’(k) = D(k) + D(k)N(k)D’(k)

The matrix U(ko), diagonilizes the free propagator D(kp), also
diagonalizes the total propagator D’(k) and the self energy M(k) too,
_ n(k) 0 _
-1 _ 1
vt (M8 P ute

which in terns diagonalizes the matrix equation to an ordinary equation

D=A+AND
= -1
having the solution D = P~

with Rell=Rell;;, and

Imﬁ:e(ko)tanh 3 In[1+ B(g — 1)ko] | ImM11

_ 9
(g—1)
Moo =—M7q, Mo =Mp2
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Diagonalisation of fermionic full propagator

For the Dirac propagator, the Dyson -Schwinger equation reads
S'(p) = S(p) + S(P)Z(p)S'(p)

The matrix V(po) diagonilizes the free propagator S(pp), also diagonalizes
the total propagator S’(p) and the self energy X(p).

=)=V 1) (P 5, ) V)

which reduces the matrix equation to an ordinary equation
5=5+5S%5
-1
p—m+i
with ReX =ReX1i,

Im¥ =¢(po) coth ﬁ In[1+ 5(qg —1)po] | ImX1;.

having the solution S =

andzzg = —Zil, 221 = z12
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Application: thermal mass shift of the scalar particle

Figure: Leading self energy diagram in ¢* theory.
The Lagrangian density of the ¢* theory is given by,
1 1 A
_ 4 Ly Lt 2.2 A g4
E—2BM¢8¢ 2m¢ 4!¢.
The mass shift due to thermal effects, Am% can be obtained as

3
2) @) wp 1+ (q-1)Bwp)t —1
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g q(s—2)+2 q(s=2)+2 _gs . 1. T2
2 _ A’ T {m(q—l)} = [T (%) oA (N w3 wey)
- 3 s=1 +q—1
1677 T r(5)
g(s—1)+1 sq+q—1 q(s—=1)+1 sq+g—1, 3. T2
T r( 2(q—1) )r( a1 )2F1( 2a—1) ’2(q—1)'z'm2(q71>2>

m(qg—1) r ( qs ) r (q(5+2)72)

q-1 2(q—1)

Am

AT?
forq — 1, the above integral approaches the Boltzmann-Gibbs result: Am? = e +O(m/T).
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Figure: Variation of the thermal mass of a scalar particle of mass 1.5 GeV with T
for the BG (green, solid line) and the Tsallis statistics.
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Summary and outlook

@ Derived the real time thermal propagators for scalar and Dirac fields within the
scope of the Tsallis statistics.

@ We observe that, when the entropic parameter g approaches 1, the classical and
quantum BG thermal propagators are recovered.

@ The thermal mass shift of a scalar particle subjected to ¢* interaction is estimated.

@ we observe a enhancement in the scaled mass shift which approaches the
Boltzmann-Gibbs limit as g approaches 1.

@ This formalism and its extension may help one to compute the quantities like
thermal mass, decay rate, energy loss in more realistic situations dealing with
fluctuating ambience, and/or long-range correlations.
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