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Scale separation 
•Quarkonia are bound states of heavy quark ( ) and anti-quark ( )Q Q̄

•Characterised by the energy scales        M ≫ 1/r ≫ Eb

•   ensures that the bound states are non-relativisticM ≫ 1/r

•  means that at leading order in , the  interaction is a potential1/r ≫ Eb M QQ̄

•For Coulombic bound state

  GeV,   .5 GeV and  GeVM ∼ 5 1/r ∼ 1 Eb ∼ 0.5

M

Mv

Mv2

NRQCD

QCD

pNRQCD

3



 pair in a thermal medium QQ̄

• In QGP these should be compared with  GeVT ∼ (0.2 − 0.5)

•Medium introduces extra scales:   and mD T

•Quarkonia dynamics is governed by the hierarchy between thermal 
scales and  Eb

•  Depending on whether  or  different processes 
dominate the dynamics of quarkonia in the QGP

Eb ≫ T Eb ≪ T
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Static screening Dynamical processes

Scattering/absorption with medium constituents

Dissociation of bound states

Q
Q̄ Q̄

QΔE } Landau damping and 

gluo-dissociation 
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Potential non-relativistic QCD (pNRQCD)

•The Lagrangian in terms of singlet and octet states is (pNRQCD)

ℒ = S†(i∂t +
∇2

M
− Vs(r))S + O†(i∂t +

∇2

M
− Vo(r))O + gVA(r)[S†r ⋅ EO + O†r ⋅ ES] + gVB(r)[O†r ⋅ EO + O†Or ⋅ E] + ⋅ ⋅

   where  is separation between  and ,  is chromo-electric field r Q Q̄ E

•pNRQCD is obtained from full QCD via NRQCD by first integrating out hard modes 
 and soft mode  where (M) (Mv) v ≪ 1

•Degrees of freedom are singlet ( ) and octet ( ) states and gluons ( )S O Aμ

•Small radius ( ) and large  allows a double expansion in  and  at Lagrangian 
level

r M r 1/M
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Formalism

•At leading order in  singlet and octet fields interact via chromo-electric field. r E

ℑΣ11(p0, p, r) =
g2CF

6
ri(∫

d4k
(2π)4 {ρoθ(q0)(θ(−k0) + f( |k0 | ))[k2

0 ρjj(k0, k) + k2
j ρ00(k0, k)]})ri

ρμν(k0, k) = ∫ dtd3xei(k0t−k⋅x)⟨ 1
2 [Aμ(t, x), Aν(0)]⟩

•At any given , decay width isT

Γ = 2 ⟨ϕ |ℑΣ11 |ϕ⟩

where  is singlet state wave functionϕ

 where  and ρo = 2πδ(k0 + p0 − ̂q0) ̂q0 = Vo +
∇2

M

Γ = 2 ∑
o

⟨ϕ |r𝒪̂(p0, p, r) |o⟩⟨o |r |ϕ⟩
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Spectral functions
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Heavy quark momentum diffusion coefficient For quarkonium
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Real and Imaginary potentials

•Both singlet and octet potentials are complex

Real part  Debye screening in the medium→
Imaginary part  Landau damping→

•At large , real part of singlet and octet potential approach each other r

ℜVs(r, T ) = −
CFg2

4π (mD +
e−mDr

r ) ℜVo(r, T ) =
g2

4π ( − CFmD +
1

2N
e−mDr

r )
•  For singlet state, we use lattice inspired potential

Vs(r, T) = −
a
r

(1 + mDr)e−mDr +
2σ
mD

(1 − e−mDr) − σre−mDr

Vo(r, T) =
g2

2N
e−mDr

r
+ V∞•For octet state, a well motivated choice is

 where ,   and  a = 0.409 σ = 0.21 GeV2 mD = (1 + Nf /6)gT
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Real and Imaginary potentials

•For octet we consider two limiting cases:

   Octet states are not screened

   Octet states are completely screened         

•We assume the singlet states are in the eigenstates of the real part of the potential

( p2

M
+ ℜVs(r, T )) |ψ⟩ = E |ψ⟩

•Octet state lies in continuum 

( q2

M
+ ℜVo(r, T )) |o⟩ = Eo |o⟩

Vo(r, T ) =
CFα
2Nr

+ V∞

Vo(r, T ) = V∞

1S

2S

3S
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•Octet state wave function

|o⟩ = 4πRl(pr)∑
m

Y*l
m ( ̂r)Yl

m( ̂p) |o⟩ = 4πjl(pr)∑
m

Y*l
m ( ̂r)Yl

m( ̂p)
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Decay width (gluo-dissociation vs scattering)

LD

Pole
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•  for 1S state and  for 2S state Eb = 0.6 GeV Eb = 0.2 GeV

•For 1S both gluo-dissociation and Landau damping give similar contribution

•For 2S gluo-dissociation dominates at low temperature and Landau damping takes over at high 
temperature
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Decay width (Imaginary potential)

Full

Expanded

Longitudinal LD
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Γ = 2 ⟨ϕ |ℑV(r, T ) |ϕ⟩

•Assumes the binding energy of the species is zero

ℑV(r, T ) =
g2CFT

2π ∫
∞

0

dzz
(1 + z2)2 (1 −

sin(zmDr)
zmDr )

•Ignores the kinetic energy of the corresponding 

    octet state

ϕ(r) =
1

πa3
e− r

a

•Imaginary potential over-predicts the decay width of the singlet state

•Decay width with imaginary potential
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 of 1S and 2S statesRAA
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•Suppression:

N = N0e
− ∫tf

t0
∑i Γ(t)dt
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T(t) = T(t0)( t0
t )

1
3

t0 = 0.6 fm
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Quarkonium as open system

•Relevant scales for quantum dynamics

   System intrinsic time scale   ( )

  Environment time scale   ( )

  Relaxation time scale  (  )

τs → 1/Eb
τE → 1/T
τR → ∼ 1/g2T

• In order to deal with non-equilibrium evolution of the bound states one needs open quantum system 
framework

•Quantum evolution of the pair

Quantum Browniann motion Quantum Optical limit

τR ≫ τSτS ≫ τE

Q
Q̄

•Total density matrix

ρ(t) = ρS(t) ⊗ ρE(0) Factorized form

τR ≫ τE Markovian

dρS(t)
dt

= − i[H, ρS(t)] + ∑
i

γi[LiρS(t)L†
i −

1
2 {LiL†

i , ρS(t)}]
• Quarkonium evolution is local in time

13
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Density matrix evolution

•Hierarchies between  and  is not satisfied quiet well at least for 1S and 2S statesτS τE

•Continuum transitions can not be explained within optical limit

•Non-local evolution of quarkonium state is important and therefore full structure of gluon spectral

   function should be used

∂ρs

∂t
= − α2TrE ∫

t

0
ds[HI(t), [HI(s), ρs(t) ⊗ ρE(0)]] H =

p2

2M
⊗ IE + Is ⊗ HE + g∫ dxδ(x − xQ) ⊗ A0(x)

∂ρs

∂t
= − g2 ∫

t

0
ds∫ dxdy(Γ(x − y, t − s){Vs(x, t), [ρs(t), Vs(y, s)]})

• In the Brownian limit, above equation reduces to Fokker-Planck equation after taking classical limit

•With the trace over environment

•Density matrix evolution equation for single heavy quark

14
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Conclusions

•  Hierarchy is not very well satisfied for 1S and 2S statesEb ≪ T

•Full structure of gluon spectral function is important for following the dynamics of quarkonia

•For 1S both gluo-dissociation and Landau damping give similar contribution

•Landau damping dominates for higher excited states

•Since  hierarchy is not strictly valid for 1S and 2S, one need to consider memory effects 

   for quarkonium evolution within the brownian limit

τS ≫ τE
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