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χB
4 in Lattice and IHRG

former are more stable at large μB=T. In the following we
will use the ratios of polynomials with ½kmax; lmax" corre-
sponding to identical orders (LO, NLO, NNLO, NNNLO)
of expansions in the cumulants appearing in the numerator
and denominator, respectively.

We fit cumulant ratios using a rational polynomial
ansatz,

fðT; μ̂BÞ ¼
Pnmax

n¼0 anðμ̂BÞT̄n
Pmmax

m¼0 bmðμ̂BÞT̄m ; with T̄ ¼ T
T0

; ð6Þ

where T0 is some arbitrary scale. When using this rational
polynomial ansatz for fits at nonzero μB we allow for a
quadratic μB dependence of all expansion coefficients,
anðμ̂BÞ ¼ an;0 þ an;2μ̂2B and similarly for bnðμ̂BÞ. When
performing joint fits of data on lattices with different sizes
and lattice spacings, a, we allow for Oða2Þ cutoff correc-
tions that are parametrized in terms of the temporal lattice
extent Nτ ¼ 1=aT, e.g.,

fðT; μ̂BÞ ¼ hðT; μ̂BÞ þ
1

N2
τ
gðT; μ̂BÞ; ð7Þ

with gðT; μ̂BÞ and hðT; μ̂BÞ being rational polynomials of
the type given in Eq. (6).

III. CUMULANTS OF NET
BARYON-NUMBER FLUCTUATIONS

A. Mean and variance of net
baryon-number fluctuations

We have calculated the ratio of the mean, MB ¼
χB1 ðT; μBÞ, and variance, σ2B ¼ χB2 ðT; μBÞ, of net baryon-
number fluctuations,

RB
12ðT; μBÞ≡

MB

σ2B
¼ χB1 ðT; μBÞ

χB2 ðT; μBÞ
; ð8Þ

for systems with vanishing net strangeness, nS ¼ 0, and a
net electric-charge to net baryon-number density nQ=nB ¼
0.4 on lattices with temporal extent Nτ ¼ 8 and 12. Using
up to eighth-order Taylor expansion coefficients, we can
construct Taylor series up to order Oðμ̂7BÞ and Oðμ̂6BÞ for
χB1 ðT; μBÞ and χB2 ðT; μBÞ, respectively. Truncating these
series at kmax and lmax ¼ kmax − 1, respectively, we con-
struct the ½kmax; lmax" polynomial ratios which provide
leading-order ([1, 0]), next-to-leading-order ([3, 2]) etc.,
approximations for the ratio of the mean and variance of the
distribution for net baryon-number fluctuations, RB

12≡
MB=σ2B. Results for different ½kmax; lmax" are shown in
Fig. 2. The figure shows results obtained on lattices with
temporal extent Nτ ¼ 8 and 12 at a temperature2 T ≃
157 MeV which is close to the pseudocritical temperature
at μB ¼ 0.
We find that cutoff effects are negligible for μB=T ≤ 1

and remain comparable to the statistical errors for the
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FIG. 1. Cumulants of net baryon-number fluctuations from
second to eighth order (top to bottom) evaluated at μB ¼ 0 on lat-
tices of size N3

σ × Nτ with Nσ ¼ 4Nτ. For further details see text.

2As is evident from Table I the temperatures differ slightly
for the two lattice sizes: T ¼ 156.76 MeV for Nτ ¼ 8 and
T ¼ 157.13 MeV for Nτ ¼ 12, respectively.
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χB
4 with repulsive interaction

and the baryon chemical potential–independent function as

Gaðβma; βμQ; βμsÞ ¼
ga
2π2

ðβmaÞ2K2ðβmaÞ

× expðQaβμQ þ SaβμsÞ: ð25Þ

In a similar manner, for the mesons, in the Boltzmann
approximation, and with βKmnm ≤ 1, we have

PM

T4
≃
X

a∈M

nida
T3

−
1

2
ðKMT2Þ

!
nida
T3

"
2

; ð26Þ

with

nida ¼ ga
2π2

K2ðβmaÞ expðβμaÞ: ð27Þ

The total pressure P ¼ PB þ PB̄ þ PM is thus given
approximately by the sum of Eqs. (23) and (26). These
approximate expressions for pressure have interesting
consequences. First, in the context of baryonic susceptibil-
ities, the odd order susceptibilities will be small for small
chemical potential and will vanish for zero baryonic
chemical potential. Further, for the even order baryonic
susceptibilities, e.g., χ4B and χ2B will be identical but for the
repulsive interaction term. Indeed, the difference between
these is given approximately as

χ2B − χ4B ≃ 12
KBT2

2
ðβ3nidB Þ2: ð28Þ

Thus, while the difference between the higher(even) order
and lower(even) order baryonic susceptibilities will vanish
for ideal HRG, it will not vanish when there is mean-field
repulsive terms. In the following, we shall discuss the
results where we take the actual Fermir-Dirac or Bose-
Einstein statistics for the hadrons and solve for the self-
consistent equations for the number densities for the
estimation of susceptibilities. However, as we shall
observe, the above assertions made with the approximate
expressions for the pressure remain valid.

III. RESULTS AND DISCUSSION

In this section, we are going to discuss the results of
susceptibilities of different conserved quantities calculated
from the MFHRG model. We will compare our results with
those obtained from LQCD; namely with Ref. [84] for
vanishing chemical potential and with Ref. [85] for non-
vanishing chemical potentials. Fluctuations of conserved
charges like net baryon number, electric charge, strangeness
are useful indicators of thermalization and hadronization of
matter produced in ultrarelativistic heavy-ion collision
[37,38,86–92]. Large fluctuations in various thermody-
namic quantities are important signatures of existence of
CEP in the phase diagram. To estimate the different

thermodynamic quantities, we have taken all the hadrons
and resonances up to 3 GeV listed in particle data review
[93]. The only parameters in our model are KM and KB as
mentioned in the previous section.We choose three different
representative values for meson mean-field parameter, viz.,
KM ¼ 0, 0.1, and 0.15 GeV · fm3, while we fix baryon
mean-field parameter KB ¼ 0.45 GeV · fm3 [79,80].
In Fig. 1, we plot the second and fourth order baryon

number susceptibilities and compare them with the recent
lattice QCD results of Ref. [94]. In the absence of any
repulsion, the susceptibilities, calculated in the HRGmodel,
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FIG. 1. Baryon number susceptibilities of different orders. This
result is independent of Km. The lattice data of both χ2B and χ4B are
taken from Ref. [94].
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Hadron Resonance Gas Models

Hadron Resonance Gas(HRG) with interactions applied to
higher densities

Acausal at too low a density

Carnahan-Sterling Modification Nuclear Model 3

Does not incorporate chiral symmetry restoration

On cannot study the effect of critical modes

3PLB 835,137524(2022)
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NUCLEAR MODELS
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Nuclear Model4

L = ψ̄
[
γµ(i∂

µ − gωω
µ)− (M − gσσ)

]
ψ

−1
3bσM(gσσ)

3 − 1
4cσ(gσσ)

4 + 1
4bω(g

2
ωωµω

µ)2 + ...

4PRC 70, 054309 (2004)
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Nuclear Model(cont.)

Nuclear Models work well at high densities

Constrained5 from experiments such as neutron skin depth,
maximum mass of neutron star, nuclear saturation properties,
etc.

Consist of nucleons, hyperons interacting through sigma,
omega, etc

Have attractive and repulsive interactions built in

5R. Nandi and P. Char 2018 ApJ 857 12
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Effect of extra baryons
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Constraining the location of critical end point
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Conclusions of the study

Comparision and extension of model give better estimates of
susceptibility

More precise lattice data in future can constrain nuclear
models

Model can be extended without upsetting the agreement with
high density constraints

A universal hadronic model can put constraint on high density
nuclear models
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