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Introductory remarks 



Heavy quarks and quarkonia as 'hard probes'  
or 'test particles'

Formation time of a       pair is small 

Dynamics of heavy quarks is non-relativistic
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Heavy quarks are produced in pairs in the early stages of URHIC. Their 
number remains constant.
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The potential can be obtained using effective theory (pNRQCD) 
[see N. Brambilla, A.Pineda, J. Soto, A. Vairo, NPB566 (2000) 275]
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Heavy quark interaction at finite T

Initial suggestion (Matsui-Satz 86): screening of the potential 

This picture predicts a "suppression" of bound states at high 
temperature, the most "fragile" ones (bigger, less bound) 
disappearing first as the temperature increases ("sequential 
suppression"). 
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Mass is large compared to the typical temperature

MQ � T
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Hence the idea of using quarkonia to diagnose the formation 
of quark-gluon plasma in URHI   



A nice idea….

But a very difficult many-body problem !

A considerable experimental effort…



What do we need ?

A plethora of theoretical approaches 
-potential models

-spectral functions

-Euclidean correlators (lattice), maximum entropy techniques

-coupled channels

-in-medium T matrix

-path integrals

-open quantum systems

-influence functional

-Lindblad equation

-effective field theories

-strong coupling techniques

-effect of magnetic field

-etc

In most of these approaches only one specific aspect of the problem is addressed

A robust picture that encompasses in a coherent framework 
all the main features of the dynamics



Why is it a difficult problem ?

•  The formation of bound state is not instantaneous. Nor is the 
establishment of a screening cloud.  

•  As the bound state "forms" interactions with the medium take place.

• The formation and fate of a bound state is affected both by screening 
of the potential and by collisions with the plasma constituents

•  The effect of the medium does not reduce to an instantaneous 
modification of the potential. 

⌧J/ ⇠ 2.5 fm/c
<latexit sha1_base64="c/vNeD3n+G569+RflJiR5gFMsTY="></latexit>

⌧⌥ ⇠ 1 fm/c
<latexit sha1_base64="J4apxka/1SWja+wVfCLS7z9xwjs="></latexit>

Typical formation time:

Complex, multifaceted, multi scale dynamics 
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Typical scales in  Coulomb bound states
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(p)NRQCD hierarchy of scales:
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Energy

NB. Hierarchy of scale is convenient for theoretical analysis.  
        But in practice, scales are not well separated. 

Typical time scale for HQ motion in a bound state

⌧0 ⇠
2

M↵2
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When does "melting" occur ? 
various approximate criteria

(a) Thermal velocity equals velocity in bound state

(c) The bound state typical time scales match that of 
plasma response

vQ ⇠
r

T
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(b) momentum of thermal particles matches HQ bd state momentum

T ⇠ M↵
<latexit sha1_base64="NimAf/ohK1SNIytuhLnVcTZ7k1Q="></latexit>

⌧pl

⌧0
⇠ M

mD

↵2

2
⇠ 1

<latexit sha1_base64="Xo7OfFtYhh5VFiBGDroqw1oTCDI="></latexit>

Binding energy is of the 
order of the Debye mass 



Why is it interesting ?

•  New phenomena observed ("regeneration")

•  New theoretical developments: lattice, spectral functions, effective 
field theories, NRQCD, pNRQCD, open quantum system approaches, 
etc…

Several conceptual issues remain to be clarified before we 
can get a robust picture that can be confronted to 
phenomenology and quarkonia can be used as "probes"

• More broadly, connections with other interesting issues: 
modifications of  bound state properties in medium, production and 
survival of fragile states in a hot environment (in particular, multi 
quark sates), etc.

•  New data of high quality and precision, for two distinct 
systems, charmonium and bottomonium



An 'open quantum system' 



In the rest of this talk, I focus mostly on a simple problem

Put a number  of      pairs into a quark-gluon plasma at 

temperature T, and study their evolution. 

How does a     pair (or collection of pairs) evolve towards 
"equilibrium"? Can we find robust features of the 
dynamics? For instance, can we identify various regimes 
as a function of external parameters (T, M, …). Etc.

QQ̄
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Typical questions that one would like to answer

Towards an effective theory for  heavy quarks  in QGP

H = HQ + Hpl + Hint
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Hint ⇠ JQ · Apl
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Protoptype of an "open quantum system"
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Environment

System

H = HQ + Hpl + Hint
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Hint ⇠ JQ · Apl
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Open quantum system

DQ(t) = TrplD(t)
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Various strategies: 
• Feynman-Vernon Influence functional
• Lindblad equation,
• Schwinger-Keldysh diagrammatic techniques, 
• Etc

Reduced density matrix of heavy 
quarks:

Density matrix of total system
D(t)
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Figure 1. The Schwinger-Keldysh contour.

2.1 Equation for the density matrix

The density matrix obeys the general equation of motion

i
dD
dt

= [H,D]. (2.6)

In order to treat the interaction between the plasma and the heavy particles using per-

turbation theory, we move to the interaction representation. We set H = H0 +H1, with

H0 = HQ +Hpl and define

D(t) = U0(t, t0)DI(t)U †
0(t, t0), (2.7)

where DI(t), the interaction representation of the density matrix, satisfies the equation

dDI

dt
= −i[H1(t),DI(t)], H1(t) = U0(t, t0)

†H1U0(t, t0). (2.8)

Here, H1(t) denotes the interaction representation of H1. The evolution operator in the

interaction representation, UI(t0, t) = U †
0(t, t0)U(t, t0), can be expanded in powers of H1(t)

in the usual way

UI(t, t0) = T exp

{
− i

∫ t

t0

dt′H1(t
′)

}
, (2.9)

where the symbol T denotes time ordering. Similarly, eq. (2.8) can be integrated formally

using the Schwinger-Keldysh contour [33, 34]:

DI(t) = UI(t, t0)D(t0)U
†
I (t, t0)

= TC

[
exp

{
−i

∫

C
dtCH1(tC)

}
D(t0)

]
, (2.10)

where the operator TC orders the operators H1(tC) along the contour parameterized by

the contour time tC , with the operators carrying the largest tC coming before those with

smaller tC (see figure 1). The upper branch of the contour, with time running from t0 to

t, represents the evolution operator UI(t, t0), the lower branch of the contour, with time

running from t to t0, represents the operator U †
I (t, t0). As can be seen in eq. (2.10), in the

expansion of DI(t) in powers of H1(t), the operators H1(t) that sit on the left of D(t0) live

on the upper branch of the contour, while those that appear on the right of D(t0) live on

the lower branch (they come later along the contour).

To proceed further, we assume that, at the initial time t0, the density matrix factorizes

DI(t0) = DI
Q(t0)⊗DI

pl(t0). (2.11)

– 5 –

�DQ(t)
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Equation of motion for
Typical form of the hamiltonian

?

For a recent review in the heavy quark  
context, see Y. Akamatsu, 2009.10559



•  Our goal: construct an effective theory for the HQ, 
by eliminating the plasma dof’s.

• This does not reduce to changing the HQ hamiltonian:

•  Non hamiltonian dynamics (dissipation, transport, etc)

DQ(t) = TrplD(t)

HQ ! H
e↵
Q
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• Tool of choice: reduced density matrix for heavy quarks

• D(t)  obeys equation of motion of the form

hs1jD̃s;ojs2i≡
Z

R
hR; s1jDs;ojR; s2i: ð2:37Þ

The derivation of the equations of motion for the reduced density matricesDs;o is presented in AppendixA. It is assumed there
that the center-of-mass velocity is small, typically ≲ ffiffiffiffiffiffiffiffiffiffi

T=M
p

. We obtain then the following equations. For the singlet, we get

LssðτÞD̃sðt0Þ ¼ −g2CFfΔ>ðqÞSq·ŝUoðτÞSq·ŝD̃sðt0ÞUsðτÞ† þ Δ<ðqÞUsðτÞD̃sðt0ÞSq·ŝU
†
oðτÞSq·ŝg; ð2:38Þ

and

LsoðτÞD̃oðt − τÞ ¼ g2CFfΔ>ðqÞUsðτÞSq·ŝD̃oðt0ÞU†
oðτÞSq·ŝ þ Δ<ðqÞSq·ŝUoðτÞD̃oðt0ÞSq·ŝU

†
s ðτÞg: ð2:39 Þ

In these equations (see AppendixA)

Sq·s ≡ 2 sinðq· ŝ=2Þ; ð2:40Þ

where ŝ is the operator measuring the relative coordinate.
For the octet, we get

LosðτÞD̃sðt0Þ ¼
g2

2Nc
fΔ>ðqÞUoðτÞSq·ŝD̃sU

†
s ðτÞSq·ŝþΔ<ðqÞSq·ŝUsðτÞD̃sðt0ÞSq·ŝU

†
oðτÞg; ð2:41Þ

Loo
1 ðτÞD̃oðt0Þ ¼ −

g2

2Nc
fΔ>ðqÞSq·ŝUsðτÞSq·ŝD̃oðt0ÞU†

oðτÞþΔ<ðqÞUoðτÞD̃oðt0ÞSq·ŝU
†
s ðτÞSq·ŝg; ð2:42Þ

Loo
2 ðτÞD̃oðt0Þ ¼ −

g2ðN2
c − 4Þ

4Nc
fΔ>ðqÞ½Sq·ŝ; UoðτÞSq·ŝD̃oðt0ÞU†

oðτÞ&þΔ<ðqÞ½UoðτÞD̃oðt0ÞSq·ŝU
†
oðτÞ;Sq·ŝ&g; ð2:43Þ

Loo
3 ðτÞD̃oðt0Þ ¼ − g2Nc

4
fΔ>ðqÞ½Cq·ŝ; UoðτÞCq·ŝD̃oðt0ÞU†

oðτÞ&þΔ<ðqÞ½UoðτÞD̃oðt0ÞCq·ŝU†
oðτÞ; Cq·ŝ&g; ð2:44Þ

where we have set Cq·ŝ ≡ 2 cos ðq· ŝ=2Þ.

FIG. 3. These four diagrams are in correspondence with the various terms in Eqs. (2.32) and (2.35). For instance the second and fourth
diagrams in the first line correspond to Los, and the first and third correspond to Loo

1 , while the diagrams in the second line represent the
various contributions to Loo

2 and Loo
3 .

APPROACH TO EQUILIBRIUM OF A QUARKONIUM IN A … PHYS. REV. D 98, 074007 (2018)

074007-7

[For details, see JPB, M. Escobedo-Espinosa, 1711.10812,1803.07996]

d
dt
DQ(t) = �i[HQ,DQ(t)] +

R
t�t0

0 d⌧L(⌧)DQ(t � ⌧)
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Typical approximations

(i) weak coupling between HQ and the plasma

The influence of the plasma on the heavy quark 
dynamics is characterized by simple response 
functions (correlators)

No weak or strong coupling assumption needs to be 
made concerning the plasma. The correlators can, in 
some cases, be obtained from lattice calculations. 

The presence of the heavy quarks does not modify 
significantly the equilibrium state of the plasma. 

�(t1, t2) ⌘ hApl(t1)Apl(t2)iT = Tr
h
Apl(t1)Apl(t2)Dpl

i
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2 Equation for the density matrix of heavy quarks in a quark-gluon
plasma

Our description of the heavy quark dynamics in a quark-gluon plasma is based on the

assumption that the interaction between the heavy quarks and the quark-gluon plasma is

weak, and can be treated in perturbation theory (with appropriate resummations). The

generic hamiltonian for such a system reads

H = HQ +H1 +Hpl, (2.1)

where HQ describes the dynamics of the heavy quarks in the absence of the plasma, Hpl is

the hamiltonian of the plasma in the absence of the heavy quarks, and H1 is the interaction

between the heavy quarks and the plasma constituents. The heavy quarks are treated as

non relativistic particles, and the spin degree of freedom is ignored: the state of a heavy

quark is then entirely specified by its position and color. As we have mentioned already,

we shall consider H1 to be small and treat it as a perturbation. In Coulomb gauge, and

neglecting magnetic interactions, this interaction takes the form

H1 = −g

∫

r
Aa

0(r)n
a(r), (2.2)

where na denotes the color charge density of the heavy particles. For a quark-antiquark

pair, for instance, this is given by1

na(x) = δ(x− r̂) ta ⊗ I− I⊗ δ(x− r̂) t̃a, (2.3)

where we use the first quantization to describe the heavy quark and antiquark, and the

two components of the tensor product refer respectively to the Hilbert spaces of the heavy

quark (for the first component) and the heavy antiquark (for the second component). In

eq. (2.3), ta is a color matrix in the fundamental representation of SU(3) and describes the

coupling between the heavy quark and the gluon. The coupling of the heavy antiquark and

the gluon is described by −t̃a, with t̃a the transpose of ta.

We are looking for an effective theory for the heavy quark dynamics, obtained by elim-

inating the plasma degrees of freedom. In previous works, this was achieved explicitly by

constructing the Feynman-Vernon influence functional [31], using the path integral formal-

ism (see e.g. [24, 30]). In the present paper, we shall proceed differently, by writing directly

the equations of motion for the reduced density matrix of the heavy quarks. Although the

derivations presented here are self-contained, we emphasize that the main approximations

that are implemented in the present section are quite common in various fields, and belong

to what is commonly referred to as the theory of open quantum systems (see e.g. [20]).

We assume that the system contains a fixed number, NQ, of heavy quarks (and, in

general, an equal number of antiquarks). We call D the density matrix of the full system,

1We denote here the position operator by r̂, but most often the symbol ˆ will be omitted, the context

being enough to recognize the operators.
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soft gluon exchanges
small energy transfer

(ii) The response of the plasma is "fast’' 

q . mD ⌧ M
<latexit sha1_base64="F9VJwAX2Ht4RZw7aCmofGgOWX5A="></latexit>

q2

M
⇠

m2
D

M
⌧ mD
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plasma response characterized by a single energy scale, the Debye mass 
mD = CT (C ' 2)

<latexit sha1_base64="ivuvBuRFQCD0t8OoUAjj4jTT6gE="></latexit>

In strict weak coupling C = g
<latexit sha1_base64="wY2GtGFiXIAo5lIfCkVLWXfw09w="></latexit>

Key to obtain a Markovian approximation
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relevant, it consists in replacing e−iHQτ ≃ 1− iHQτ , and keep terms up to linear order in

τ in the integrals. More precisely, we write

UQ(τ)n
a
x′U

†
Q(τ) = U †

Q(−τ)n
a
x′UQ(−τ) = na

x′(−τ) (2.20)

and

na
x′(−τ) = na

x′ − τ ṅa
x′ , ṅa

x′ = i [HQ, n
a
x′ ] , (2.21)

the time-dependence of nx′(t) being given by the Heisenberg representation, na
x′(t) =

eiHQtna
x′e−iHQt. We get

dDQ

dt
+ i[HQ,DQ(t)] ≈ −

∫

xx′
[na

x, n
a
x′DQ]

∫ ∞

0
dτ∆>(τ ;x− x′))

−
∫

xx′
[DQn

a
x′ , na

x]

∫ ∞

0
dτ ∆<(τ ;x− x′)

+

∫

xx′
[na

x, ṅ
a
x′DQ]

∫ ∞

0
dτ τ ∆>(τ ;x− x′))

+

∫

xx′
[DQṅ

a
x′ , na

x]

∫ ∞

0
dτ τ ∆<(τ ;x− x′). (2.22)

At this point we use the values of the time integrals given in appendix A. These involve

the zero frequency part of the time-order propagator ∆(ω = 0) = ∆R(ω = 0, r)+ i∆<(ω =

0, r), which we identify with the real and imaginary part of a “potential”. More precisely,

we set

V (r) = −∆R(ω = 0, r), W (r) = −∆<(ω = 0, r). (2.23)

This terminology stems from the fact that V (r) + iW (r) plays the role of a complex

potential in a Schrödinger equation describing the relative motion of a quark-antiquark

pair: the real part represents the screening corrections, and adds to the familiar interaction

arising in leading order from one-gluon exchange, the imaginary part accounts effectively

for the collisions between the heavy quarks and the plasma constituents [15, 16].

After a simple calculation that uses the properties V (x−x′) = V (x′ −x) and W (x−
x′) = W (x′ − x), we get

dDQ

dt
+ i[HQ,DQ(t)] ≈ − i

2

∫

xx′
V (x− x′)[na

xn
a
x′ ,DQ],

+
1

2

∫

xx′
W (x− x′) ({na

xn
a
x′ ,DQ}− 2na

xDQn
a
x′)

+
i

4T

∫

xx′
W (x− x′) ([na

x, ṅ
a
x′DQ] + [na

x,DQṅ
a
x′ ]) (2.24)

The first line of the right hand side of this equation describes a hamiltonian evolution,

that is, it can be written as the commutator on the left hand side, with HQ replaced

by 1
2

∫
xx′ V (x − x′)na

xn
a
x′ . It follows that we can shift the “direct”, one-gluon exchange

potential initially contained in HQ into V , and keep in HQ only the kinetic energy of the

– 9 –

collisions with plasma constituents involve small energy transfer 

mD ⌧ M
<latexit sha1_base64="LQ5AcigdWk0vpOUkSvqQEFZzATA="></latexit>

also, during time t ⇠ m�1
D

<latexit sha1_base64="MSZhM6AWoK111p5hNI0YmoOkPZA="></latexit>

the heavy quark moves a distance

that is small compare to the size of the screening cloud ( �th '
p

T/M ⌧ 1
<latexit sha1_base64="WG50iJRQU3mUxoivaL6/OeTz7ow="></latexit>

)

the relevant correlator is then generically of the form

�(! = 0, r) = �R(! = 0, r) + i�<(! = 0, r)
<latexit sha1_base64="zLD/VilosXW35j6qZSkk6blOfmI="></latexit>

Imaginary potential 



Static response and "Optical potential"

At short distance, 
interference produces 
cancellation: a small 
dipole does not “see” the 
electric field 
fluctuations.

At large distance the 
imaginary part is twice 
the damping rate of the 
heavy quark
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Abstract

We derive equations for the time evolution of the reduced density matrix of a
collection of heavy quarks and antiquarks immersed in a quark gluon plasma.
These equations, in their original form, rely on two approximations: the weak
coupling between the heavy quarks and the plasma, the fast response of the
plasma to the perturbation caused by the heavy quarks. An additional semi-
classical approximation is performed. This allows us to recover results previously
obtained for the abelian plasma using the influence functional formalism. In the
case of QCD, specific features of the color dynamics make the implementation
of the semi-classical approximation more involved. We explore two approximate
strategies to solve numerically the resulting equations in the case of a quark-
antiquark pair. One involves Langevin equations with additional random color
forces, the other treats the transition between the singlet and octet color config-
urations as collisions in a Boltzmann equation which can be solved with Monte
Carlo techniques.

1. Introduction

�(r) = W (r)�W (0) = 2�(mDr)

Heavy quarkonia, bound states of charm or bottom quarks, constitue a
prominent probe of the quark-gluon plasma produced in ultra-relativistic heavy
ion collisions, and are the object of many investigations, both theoretically and
experimentally. Recent data from the LHC provide evidence for a sequential
suppresion, with the most fragile (less bound) states being more strongly sup-
pressed [1], while there are indications that charm quarks are su�ciently nu-
merous to recombine, an e↵ect that is seen to counterbalance the expected
suppression [2]. These findings are in line with general expectations. The disso-
ciation of quarkonium was suggested long ago [3] as resulting from the screening
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Gif-sur-Yvette, France

Miguel Angel Escobedo

Department of Physics, P.O. Box 35, FI-40014 University of Jyväskylä, Finland
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For one heavy quark

(*first obtained by M. Laine et al hep-ph/ 0611300)

V(r) = V(r) + iW(r)
<latexit sha1_base64="H8TUC8kTLlcr1Rp5L6yLTnpijP4="></latexit>

�R(! = 0, r) = �V(r)
<latexit sha1_base64="/AVsvTpFvYlxdgbV0Gj7eUs7Y0I="></latexit>

�<(! = 0, r) = �W(r)
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�(x) =
x2

3

 
� ln x +

4
3
� �E

!

<latexit sha1_base64="MwEYRdyxlQu0rVtuaIMP+EJMfI4="></latexit> makes density matrix  
nearly diagonal  
in coordinate space



Semi-classical approaches  
for abelian plasmas 



(iii) semi-classical approximation
M � T

<latexit sha1_base64="S3G/KXJ/AKpCeNArF+4/r4kes80="></latexit>

�th ⇠
1p
MT
⌧ 1

T
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HQ thermal wavelength

hr|DQ|r0i ' 0
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|r � r0| & �th
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Density matrix becomes nearly diagonal 

when

|r � r0|
<latexit sha1_base64="AysOi6dF2Pew/kqqfV7ky54ioV4="></latexit>

Expansion in Fokker-Planck and Langevin equations



Non trivial noise 

Langevin equation 

Semi-classical expansion for heavy quark motion

Similarly,

L
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Friction and noise are related by an Einstein relation

�ij(r) =
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⌘ij(r). (74)

The Langevin equation associated with the relative motion is then of the form

M

2
r̈i = ��ijv

j
�ri

V (r) + ⇠
i(r, t), h⇠

i(r, t)⇠i(r, t0)i = ⌘ij(r)�(t� t
0). (75)

Note that for an isotropic plasma, we have (cf. Eq. (43))
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One can repeat the same for the center of mass coordinates. Here we set
v = P /(2M). We get
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(77)

with

⌘ij(r) = 2 (Hij(0)�Hij(r)) (78)

and the Einstein relation

�ij(r) =
1

2T
⌘ij(r). (79)
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• For an isotropic plasma
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• Langevin equation for the relative motion

• Equation for the density matrix

• All ingredients of the dynamics are calculated from 
the plasma correlation functions

h⇠i(r, t)⇠ j(r, t0)i = ⌘i j(r)�(t � t0)
<latexit sha1_base64="jeEEyKKFR45iw9B+A2a3UQBuZxU="></latexit>



J-P.B, D. de Boni, P. Faccioli and G. Garberoglio, NPA (2016)

The semi-classical approximation allows for very detailed simulations
(abelian plasmas)
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Figure 11: The figure shows the nearest antiquark distribution as a function of the quark-antiquark
distance. This probability is computed in the following way: one looks at some intermediate
time (once thermal equilibrium is reached), then from each quark one computes the distance from
each antiquark and select the nearest one. The distance from such an antiquark will be binned.
Simulations were performed for a system of 10 cc̄ pairs in a cubic box of side 4 fm, with periodic
boundary conditions.

to form a pair, once the quark (antiquark) moves away from the previous antiquark
(quark) partner. In this calculation we did not take into account the contribution
coming from the “non-interacting” events, that is a quark passing close to an anti-
quark without forming an actual pair. In order to do that, we performed simulations
of a non-interacting system with a constant (space-independent) viscosity (the one-
particle viscosity) and calculated the normalized distribution Pfree(t) of the time
intervals t in which a charm and an anticharm stay inside a sphere of radius 0.3 fm.
Then, for each temperature, the minimum lifetime of a real pair in the interacting
system has been chosen to be the time ⌧ for which the sum from ⌧ to infinity of the
probability distribution of the “pair” lifetimes in the non-interacting system is less
than 1% :

X

t�⌧

Pfree(t) < 1% . (4.88)

This way only real pairs, that is pairs formed because of the interactions, contribute
to the recombination times. Moreover, since the small lifetimes typical of �c and
 0 are automatically discarded by this procedure, we implicitly consider only J/ 
regeneration. Nevertheless, here we are not interested in discriminating different
bound states, we want to focus just on the mechanism of charmonium regeneration.
As one can see on the left of Fig.12, the outcome for a system of 10 charm and

31

approximately when T > 280 MeV, being hEcc̄i � Egas . 200 MeV (typical binding
energy of �c ) at T = 280 MeV. This points out that the interactions betweeen charm-
anticharm particles become negligible in the region T > 280 MeV, and therefore
practically no cc̄ pairs are present on average in thermal equilibrium. On the other
hand, the interactions between the particles become important at lower temperatures
and, as a consequence, the average energy of the system is lower than the ideal gas
one at the same temperature.
This result can be interpreted in the following way: the forces between the particles
are screened over the Debye screening length, therefore the interactions between
particles come into play only when particles are close to each other ( rqq̄ < rD ), and
one expects particles to be closer at low temperatures, for which the thermal energy
could be not enough to dissociate a cc̄ pair. This interpretation is also confirmed by

Figure 8: Average total energy of a system of 10 charm and anticharm in thermal equilibrium as
a function of temperature. Simulations were performed in a periodic cubic box of side 4 fm and
statistical errors are again too small to be plotted.

the analysis of the probability distribution Pqq̄ of the nearest antiquark from a given
quark as a function of their distance.
The nearest antiquark distribution of an ideal gas of N quarks and antiquarks is

P ideal
qq̄ (r) =

3

a

⇣r
a

⌘2✓
1�

⇣r
a

⌘3 1

N

◆N�1
N�1
'

3

a

⇣r
a

⌘2

e�(r/a)
1
3 ,

where a =
⇣

3
4⇡⇢

⌘1/3

and ⇢ = N
V is the density of antiquarks. The peak of the ideal

gas distribution for N = 10 is at rpeak = (2029)
1/3a ⇡ 1.15 fm.

28

Probability distribution of distance to nearest neighbour

J.-P. Blaizot et al. / Nuclear Physics A 946 (2016) 49–88 75

Fig. 7. Average total energy of a system of 10 cc̄ pairs in thermal equilibrium as a function of temperature. Before 
measuring the energies, we ran the simulations for a time interval of 100 fm in order to let the system thermalize. 
Simulations were performed in a periodic cubic box  of side 4 fm and statistical errors are again too small to be plotted.

Fig. 8. The figure shows the distribution of distances to the nearest antiquark from a given quark. This probability is 
computed in the following way: once thermal equilibrium is reached, one computes from each quark the distance to the 
nearest antiquark, draw a histogram, and normalize in order to get the distribution. Simulations were performed for a 
system of 10 cc̄ pairs in a cubic box  of side 4 fm, with periodic boundary conditions.

The presence of bound pairs in the system can also be inferred form the analysis of another 
quantity that is directly sensitive to the correlations between two particles, namely the probability 
distribution Pqq̄ of the distance from a given quark to the nearest antiquark. In an ideal gas, this 
distribution is given by

P ideal
q q̄ (r) = 3

a

( r

a

)2
(

1 −
( r

a

)3 1
N

)N−1
N≫1≃ 3

a

( r

a

)2
e−(r/a)

1
3

,

where a =
(

3
4πρ

)1/3
is the mean distance between the antiquarks and ρ = N

V the density of 
antiquarks. The peak of the ideal gas distribution for N = 10 quark–antiquark pairs in a cubic box  
of side 4 fm, is at rpeak = ( 20

29 )1/3 a ≈1.15 fm. This peak is clearly visible in the distribution Pqq̄

of the interacting system which is plotted in Fig. 8. But this figure reveals also another feature: at 
low temperature, there is also a sharper peak reflecting the presence of highly correlated states in 
the system. These, we associate with the bound states. In line with the previous plot, Fig. 7, this 
peak disappears when T ! 280 MeV. From Fig. 8 we can also infer that a correlated cc̄ pair has 

[10 cc pairs  in a 4 fm cubic box]



From QED to QCD 



Much of the previous discussion goes through…

New random force, dependent on color

Subtle interplay between color and coordinate space 
dynamics -> complicates the semi-classical description

…with essential differences

[For details on various attempts, see JPB, M. Escobedo-Espinosa, 1711.10812]

In particular, the treatment of multiple pairs is difficult

Force between HQ depends on color

Vs(r) = �C f
↵s

r
<latexit sha1_base64="EnXW5Y9j7VPhMcjRp0x20Is3nHU="></latexit>

Vo(r) = 2Nc
↵s

r
<latexit sha1_base64="j16Z6bnhjU2XWM+uvjyY/IZekOg="></latexit>



Simplify the interaction 

A(R + r) ' A(R) + r · rA(R)
<latexit sha1_base64="QgvZ4UE2z1YtHLYeBaAJ2DEMqZY="></latexit>

Yields dipolar interaction
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[For details, see N. Brambilla et al, 2205.10289]

Dipole approximation 

Correlator determined by two constants

Linblad equation is then simplified and can be solved

Emphasizes singlet to octet dipolar transitions 



The  imaginary potential 
is energy dependent



Emergence of two regimes

Temperature dependence

M.A.E (IGFAE) Saclay approach 17th of December, 2019 5 / 7

High TLow T
Collision dominated 
Langevin dynamics

Bound states 
Rate equations

V ⇠ ↵
r
⇠ ↵2M
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� ⇠ ↵T�(mDr) = ↵T�(mD/↵M)
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� ⇠ 1 T ⇠ ↵M
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Competition between binding (and screening) and collisional effects 
(decay width)

� ⇠ m2
D/↵

2M2 mD ⇠ CT T ⇠ ↵ M
C2/3
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Another criterion (d) for the disappearance of bound states



 Imaginary "potential" is energy dependent

Simple two-level model
(two massive quarks separated by  r)

singlet

octet

Low T

High T

Approach to equilibrium

Vo
<latexit sha1_base64="/Gh7cM6talC58oTr1HMKEVuGfSQ="></latexit>
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Note that the temperature enters the spectral function only through the Debye
massmD, and we can set �(!, q) = m

�2
D

�̄(!/mD, q/mD), where �̄(!/mD, q/mD)
is a dimensionless function. On the other hand, the statistical factor that mul-
tiplies �(!, q) in Eq. (122) depends only on T .

Figure 5: The function (4⇡/Tg2)(W (!, r) �W (!, 0)) as a function of rmD for two di↵erent

temperatures. Top: T = 5mD, bottom: T = mD.

Knowing the spectral function, one can then determine the energy dependent
potential (121). The results of this calculation are displayed in Fig. 5 for two
values of the temperature, T = mD and T = 5mD. One sees there that the
dominant e↵ect of the energy dependence is a sizeable reduction of the imaginary
potential, a reduction which gets amplified as the temperature, when it is of the
order of the energy, decreases. This reduction arises from the fact that as the
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The imaginary part of the potential is energy dependent

(4⇡/Tg2)(W(!, r) �W(!, 0))
<latexit sha1_base64="K8d1JmFRdB2SLGKYhSfQwA+BX5M="></latexit>

[J-P.B, M. Escobedo Phys. Rev. D104 (2021) 5, 054034]



• A consistent framework is emerging, allowing to treat on par 
both screening and collisional effects. The theory of open 
quantum systems offers interesting perspectives, allowing us 
to derive most approaches from a common starting point. 

• Two regimes: low and high temperature (fuzzy transition, 
multiple criteria) 

• Low T: bound states are weakly affected by the plasma, 
appropriate rate equations could be a good starting point

• High T: binding effects not essential, Langevin dynamics, 
equilibration, etc

Final remarks

T ⇠ M↵ M↵2 ⇠ mD
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• Intermediate region difficult: bound states are present, 
combination of Langevin and rate equations seems needed

T ⇠ ↵ M
C2/3
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